Abstract: For remainder functionals (e.g., approximation or quadrature errors), estimates by the moduli of smoothness are obtained. As a by-product, the constants in the estimate of the IC-functional by the moduli of smoothness are improved.
Introduction
Let for f E C' [a,b] and I < j :5 r, ( But if additional information on f is available, e.g. f(3) € Lip a, this information cannot be used by estimates of the type (1.1). Therefore, it is of interest to have estimates by the moduli of continuity, i.e., estimates of the form
IR[fII :-^ c(t)w,(f,i). (1.2)
It is well known that such estimates exist, but, in general, no estimates for the constants c(i) are available (see, e.g., Esser [3] and Ivanov [41) . The aim of this paper is to obtain P. Köhler 
by ( 
while, by' the triangle inequality,
Fj l9 
Proof. Let F = f(a) E X. By Lemma 2.1, there exists G E X,' such that
, and
Inserting the estimates from (2.10), together with the constants of Lemma 2.1a) (with r replaced by j) completes the proof I (obviously, III RIII1, 11 R 111,,, but with equality for i 2 1 because of the periodicity of the functions considered). E.g., for quadrature errors
(for an example and some other details omitted here, see [61).
Functionals on C 8 [4, b]
Let C' [a, b] denote the j-th modulus of continuity of f . The proof of an analogue of Lemma 2.1 is more complicated, since f is not defined outside [a, b] . A standard method to overcome this difficulty is to extend f in a suitable way (see DeVore [2] ), but then one has to know the constants related to this extension. For the case of the sup-norm considered in this 176 P. Köhler section, this difficulties can be avoided by a modification of the step size of the differences involved in the proof (this does not work for the L 9-norms, 1 < p < oo, which is the reason why we do not treat this case here). This modification is a useful tool to obtain explicit constants, when Steklov functions are applied to non-periodic functions. It was derived by the author some years ago for a first version of this paper, but afterwards, I discovered that it had already been used by Sendov in [9] ; inserting i = (b -a)/r2 in part b) of the following lemma, gives the estimate of Sendov. Let
(r1 = 1, r2 = 5/2, 13 = 10, r4 = 331/6; the second formula for r follows from (2.6)). and
Proof. Let g(x) = J(f(x) + (-1)'f(x))N(v) dv
From the' monotonicity of t,.(f, . ), ' it follows that is an increasing function, and the symmetry of N, yields 0(1 -x) = '(x). Using the symmetry properties of N,. and tk,and the monotonicity of 0 and of N,. on [0, r/2], we obtain for x E [0, 1/21
(4,(rx -v) -4,(v))(N,.(rx -v) -N,.(v)) dv
Because of the symmetry, the same holds for x E [1/2, 1], so that
For the r-th derivative of g, we obtain, using (2.7), = (r)(_l)j-j(,t)-r
b) From (3.4), we also get
Further, Ill -ll :5 w,(f, ri), by (3.3) and (2.5)1
In the same way as Theorem 2.1, we obtain the following one. for I E C' [a, b] The estimate of Theorem 3.1 makes use of 11 R 118 and ll R ll,+, which, however, may not be known. This difficulty can be overcome if li R lIm and 1 JR11, are known for some m <s and some r > j + s, by using the estimate - (3.5) which holds for 0 < m < i < r (see Ligun [7) and Kôhler [5] ; the K1 are again Favard's constants).
Example 31. [1] for the compound midpoint and the first four compound Newton-Cotes rules, using representations for the error by differences of order r. for f E X°.
Estimates for the AC-functional
gEX Specializing to g from Lemma 2.1a), and choosing i = 2u, yields the following theorem. choose, e.g., g from Lemma 3.1a) with t = 2ti. It is well known that IC, can be estimated by Wr, but, as far as we know, no explicit constants have been given for r > 2.
